Pure Mathematics
Lesson One

Algebraic Relationships

Aims

By the end of this lesson you should be able to:

· use symbols like = and ≡ accurately

· learn the definitions of polynomial and fractional functions

· separate a single fraction, whose denominator factorises, into the sum or difference of separate fractions

· solve quadratic equations by factorising or by using the formula

· solve a pair of simultaneous equations of which one is linear and the other quadratic

Context

Inevitably, as this is the first lesson of the course, it covers ground which may already be quite familiar to you from earlier studies. But it is important to be absolutely clear on certain basic algebraic skills at this stage. In the next lesson we look at a number of algebraic topics such as indices, surds, logarithms and the remainder and factor theorems.
Reading

Bostock and Chandler, pp. 1-22.

The Nature of Algebraic Expressions

One of the most basic essentials in any study of Mathematics to Advanced level is the ability to manipulate algebraic expressions. Rearrangement of formulae, simplification of fractions, solution of equations, and many other similar topics are needed in all branches of this course, so we start it by making sure you can cope accurately with this work, and can recognise various different types of relations. Much of this first lesson may well be familiar to you, but it still needs careful study as there will probably be several instances when you will meet a technique which is new to you.

First study the section in the textbook on this topic, and attempt Exercise la, noting the comments in the Introduction on how to attempt the set Exercises.

A few general points are worth mentioning at this stage. Often the difference between the symbols ⇒,⟸,⟺,= and ≡ are not appreciated by students, and they are used incorrectly.
`=' is used to connect two expressions in an equation which is being solved. It should appear in each line of the equation. So, for example,
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	3x2 -10x +3=0

	
	(3x—1)(x—3)=0

	Either
	3x — 1 = 0 or x — 3 = 0
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In each line the ‘=’ sign appeared. In particular it is most important not to lose the `= 0' in the line (3x — 1) (x — 3) = 0. Without the fact that the product of the two brackets is zero, it would be impossible to deduce anything further about x. Only because it is known that if the product of two quantities, when multiplied together algebraically, equals zero, then it implies that one or other quantity must itself be zero.

‘≡’ is used when the two expressions on either side of it are exactly equivalent, i.e. will always be equal whatever value(s) the variable(s) take. It is most commonly used when simplifying or expanding expressions.
For example, 3x2 – 10x + 3 = (3x – 1)(x – 3) since the L.H.S. (left-hand side) is just another way of writing the R.H.S. (right-hand side). If you are required to prove that two expressions are identical, in your working never assume that they are so, but start with one side of the given identity and then rearrange it until it equals the other side. Sometimes it is necessary to rearrange both sides separately until they "meet in the middle", though this method should be avoided where possible.
To prove that:                               
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start with the RHS:
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[image: image10.wmf]If you are asked to find the values of A, B and C, given that 5–3x–5x2 ≡A+B(x+ 1)+Cx(x+ 1),

since the two expressions are identically equal, when the R.H.S. is multiplied out and like terms are collected, it must be the same as the L.H.S. so the coefficients of each pair of terms must be the same.

R.H.S. = A + Bx + B + Cx2 + Cx

(A + B) + (B + C)x + Cx2 ≡ 5 – 3x – 5x2 = L.H.S. From these, comparing the coefficients,

A + B = 5, B + C = -3 and C = -5

(Note that these are now equations, so `=' is used.)

Hence
B=-3-C=-3+5=2
and
A=5-B=5-2=3
Giving
A = 3, B = 2 and C = -5,

so that
5–3x–5x2 ≡ 3+2(x+ 1) – 5x(x + 1)


‘⇒’ is used in front of a line of a solution of an equation if the statement given in the preceding line being true, implies that the statement in that particular line must be true.

For example, if x = 3, then it is true that x2 = 9. Hence we write
x = 3     ⇒
      x2 = 9

The use of `⇒ ' is similar to that of ∴(therefore) which is not so usual nowadays. It must never be used instead of `=' in an equation, or `≡' in an identity.

‘⟸’ is used in front of a line of a solution of an equation if that particular line being true implies that the one preceding it will be true.

So, using the idea above, we can write x2 = 9

⟸   x=3

`⇔ ' combines the two signs, when both can be used. So, if x+4= 7, then x = 3, andifx=3 then x + 4 = 7, and we can write

x+4=7 
⇔ x = 3

We sometimes say here that x + 4 = 7 if and only if  x = 3, or that       x + 4 = 7 is a necessary and sufficient condition that x = 3, i.e. that if one is true, then the other must be so, and vice versa.

However, this sign cannot be used for x=3
x2 = 9
since the line x2 = 9 gives x = 3 or x = -3 as possible solutions, so the
sign is inapplicable here, and we can only write

x =3
or
x2=9

⇒x2 =9
     ⟸ x=3
Another important point is the care which must be taken when solving equations not to `lose' solutions.
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